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1. Introduction 

There are many motivations for covariantly quantizing the superstring. As in any 
theory, it is desirable to make all physical symmetries manifest in order to reduce the 
amount of calculations and simplify any cancellations coming from the symmetry. A 
second motivation comes from the desire to construct a quantizable sigma model action 
for the superstring in curved backgrounds with Ramond-Ramond flux. A third motivation 
is that a more symmetrical formulation of superstring theory may shed light on some of 
the mysteries of M-theory. 

Although the light-cone Green-Schwarz (GS) formalism has been useful for comput- 
ing four-point tree-level and one-loop amplitudes, it is impractical for computing higher- 
point or higher-loop amplitudes because of dependence on the locations of the light-cone 
interaction points. Using the covariant RNS formalism, one can easily compute N-point 
tree-level and one-loop amplitudes involving bosons, but amplitudes involving fermions 
are complicated by the presence of spin fields 0] . Furthermore, lack of manifest spacetime 
supersymmetry in the RNS expressions complicates the analysis of finiteness properties 
and, for more than one-loop, leads to picture-changing problems. 

For more than 15 years, a classical super-Poincare covariant version of the GS for- 
malism has existed. But until the recent work described here, quantization problems 
have prevented this formalism from being used to compute non-vanishing scattering am- 
plitudes. In this review, the covariant GS formalism is quantized by constructing a BRST 
operator from the fermionic constraints and a bosonic pure spinor ghost variable. After 
constructing physical massless vertex operators, N-point tree amplitudes are computed for 
the first time in a manifestly ten-dimensional super-Poincare covariant manner. 

In previous papers, this author has discussed quantization of the superstring com- 
pactified to four or six Q dimensions using "hybrid" variables which combine four or 
six-dimensional GS variables with ac = 9orc = 6 superconformal field theory for the 
compactification. These hybrid formalisms have manifest four or six-dimensional super- 
Poincare covariance, N=2 worldsheet supersymmetry, and are related to the usual RNS 
formalism by a field redefinition. Unfortunately, the precise relation between these hy- 
brid formalisms and the new ten-dimensional super-Poincare covariant formalism is still 
unclear, so this review will not discuss the hybrid formalisms. 

In section 2 of this paper, the covariant GS formalism will be reviewed using the 
approach of Siegel where the canonical momentum to O"' is an independent variable. 
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In section 3, it will be argued that a bosonic pure spinor variable, A"", plays the role 
of the worldsheet ghost in this formalism, and a BRST operator is constructed out of 
the fermionic constraints and A". In section 4, physical massless vertex operators will 
be constructed and, in section 5, they will be used to compute N-point tree amplitudes 
These amplitudes are manifestly super- Poincare covariant and involve integration 
over an on-shell 'harmonic' superspace including five ^'s and three A's. In section 6, the 
cohomology of the BRST operator is shown to reproduce the light-cone GS spectrum 0. 
In section 7, this quantization method is generalized to curved supergravity backgrounds 
and the vertex operator is constructed for fluctuations around an AdS^ x background 
with Ramond-Ramond flux fl^. In section 8, some open problems and applications are 
discussed. 



2. Review of GS Formalism using the Approach of Siegel 

In conformal gauge, the classical covariant GS action for the heterotic superstring is0 

s = J d^zi^u^Um + ^li^e^^^pde" - Ui^e^-^^pde"] + Sr (2.1) 

where x'^ and 6°^ are the (i = 10 worldsheet variables (m = to 9, a = 1 to 16), Sr 
describes the right-moving degrees of freedom for the x or 5*0 (32) lattice, and 
-Qm _ Q^m _|_ iQoc^m^QQfS j^m _ Q^m _j_ iQ'^'j'^^QQf^ are supersymmetric combinations 

of the momentum. Note that 7^ and 7"^"^ are 16 x 16 symmetric matrices satisfying 
l^c^l^^ ^"^ = 2rf^^5'2^ and are the off-diagonal blocks in the Weyl representation of the 
32 X 32 ten-dimensional r"^-matrices. In what follows, the right-moving degrees of freedom 
play no role and will be ignored. Also, all of the following remarks are easily generalized 
to the Type I and Type II superstrings. 



Since the action of ( pTT| ) is in conformal gauge, it needs to be supplemented with 



the Virasoro constraint T = —^U^Iljyi = 0. Also, since the canonical momentum to 
does not appear in the action, one has the Dirac constraint = SL/ddoO"' = ^(11^, — 
jd'ymdi9){'y'^9)oi where pa. is the canonical momentum to 9°^. If one defines 

da=Pa- ^(n^ - ^^7m9l^)(7'"^)a, (2.2) 

one can use the canonical commutation relations to find {da, dp} = —7^11^, which implies 
(since Il"^Ilm = is a constraint) that the sixteen Dirac constraints da have eight first-class 
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components and eight second-class components. Since the anti-commutator of the second- 
class constraints is non-trivial (i.e. the anti-commutator is an operator H"'" rather than a 
constant), standard Dirac quantization cannot be used since it would involve inverting an 
operator. So except in light-cone gauge (where the commutator becomes a constant), the 
covariant Green-Schwarz formalism cannot be easily quantized. 

In 1986, Siegel suggested an alternative approach in which the canonical momentum 
to 6°' is an independent variable using the free-field action |^] 

S = j d^z[^dx'^dxm+ Pc.de'']. (2.3) 

In this approach, Siegel attempted to replace the problematic constraints of the covariant 
GS action with some suitable set of first-class constraints constructed out of the super- 
symmetric objects (n"*, dct, 89°') where 

is defined as in (|2.2|) and is no longer constrained to vanish. The first-class constraints 
should include the Virasoro constraint T = —^H'^Hm — dadO" = —^dx'^dxm—PadO", and 
the first-class part of the da constraint, which is the irreducible part of = 11"^ {'jrnd)'^ . 
To get to light-cone gauge, one also needs constraints such as C'"^"p = dct{'j^^^)°'^dp 
which is supposed to replace the second-class constraints in d^- Although this approach 
was successfully used for quantizing the superparticle |jTl| , a set of constraints which closes 
at the quantum level and which reproduces the correct physical superstring spectrum was 
never found. 

Nevertheless, the approach of Siegel has the advantage that all worldsheet fields are 
free which makes it trivial to compute the OPE's that 

x^{y)x-iz) ^ -277-- log \y - zl Pa{y)e^{z) 5f (y - z)-\ (2.5) 

This gives some useful clues about the appropriate ghost degrees of freedom. Since {6^ ,pa) 
contributes —32 to the conformal anomaly, the total matter contribution is —22 which is 
expected to be cancelled by a ghost contribution of -|-22. Furthermore, the spin contribu- 
tion to the SO{9, 1) Lorentz currents in Siegel's approach is = \pimnd: as compared 
with the spin contribution to the 5'0(9, 1) Lorentz currents in the RNS formalism which 
is il^rni^n- These two Lorentz currents satisfy similar OPE's except for the numerator in 
the double pole of Mmn with Mmn, which is +4 in Siegel's approach and in the RNS 
formalism. This suggests that the worldsheet ghosts should have Lorentz currents which 
contribute —3 to the double pole. 
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3. Quantization using Pure Spinors 

In fact, there exists an SO{9, 1) irreducible representation contributing c = 22 and 
with a —3 coefficient in the double pole of its Lorentz current . This representation is a 
complex bosonic spinor A" satisfying the "pure spinor" condition that 

A-T^/^A^ = (3.1) 



for m = to 9. Pure spinors have previously been used by Howe for describing 



super- Yang-Mills and supergravity equations of motion as integrability conditions, and by 



Nilsson [|T^ as superspace auxiliary fields. 

There are eleven independent complex degrees of freedom in A", as can be seen by 
temporarily breaking 5'0(9, 1) to SO{8) and solving the constraint of ( |3.1|) . If 7^ = 



and o"^^ are the SO(8) Pauli matrices satisfying cr^'^a^^ = 25^'^5^^^ for (j, a, d) = 1 
to 8, then A7~A = implies that = (7+A)" is a null complex SO{8) spinor satisfying 
= 0. Furthermore, A7-'A = implies that ■s"a^^(7~A)" = 0, which implies that 
(7" A)" = [a^ s)"" for some complex vector . A7"'~A = gives no new constraints on 
and But this parameterization of A" is invariant under the gauge transformation 
5v^ = e"(a-'s)", which allows one to gauge away half of the components of . So a 
pure spinor A" can be parameterized by the seven complex components of a null and 
the four remaining complex components of f^. After Wick rotation to 5*0 (10), one 
can alternatively describe A° as a complex scale parameter multiplying the complex ten- 
dimensional coset space SO{10)/U{5) 0]. 

Using either the SO{8) or SO{10)/U{5) descriptions of A", a free field action 5"^ can 
be constructed out of the eleven left-moving unconstrained parameters and their canonical 
momenta with conformal anomaly c = 22. Although the unconstrained parameters do 
not transform covariantly under S'0(9, 1), the only combinations which appear in the 
vertex operators are A" and its Lorentz current Nmn-, which satisfy the manifestly S0(9,l) 
covariant OPE's 

y-z y-z [y-zy 

One can alternatively obtain the OPE's of (|3]2D from an S0(9,l) WZW model of level -3, 
however. A" would not be a fundamental field in such an action 1 11 411 . 



One still needs to define which states are physical in this Hilbert space. The physical 
state condition will be defined as ghost-number one states in the cohomology of the BRST- 
like operator 0] 

Q = J dz\'^{z)d^{z) (3.3) 

where A" carries ghost- number one and da is defined in (|2.4|). Since da satisfies the 
OPE da{y)dp{z) —{y — 2)~^7^n^, the pure spinor condition on A" implies that Q is 
nilpotent. Although it is a bit unusual that Q is constructed from second-class constraints, 
it will be shown in section 5 that its cohomology reproduces the correct light-cone GS 
spectrum. 



4. Physical Massless Vertex Operators 

Since there is no tachyon, the massless open superstring state is constructed from zero 
modes of the dimension- zero worldsheet fields x"^,^", and A". Since it has ghost- number 
one, it can be written as 

U = X''Aa{x,e) (4.1) 

where Aa{x,9) is a spinor superfield. Since da{y)Ap{x, 9) {y — z)~^DaAp{x,6) where 
Da = gf^ + il^9)adm is the superspace derivative, QU = implies that X'^X^ DaAp = 0. 
But since A"A^ = ^(7'^"P'?n"^(A7mnpgrA), this implies that {-fmnpqrT'^ DaA^ = for 
every five-form direction mnpqr. Furthermore, the gauge invariance 6U = QQ implies 
that Aa has the gauge transformation dAa = Da^- 

The equation {"fmnpqr)"^ DaAis = and gauge invariance 5Aa = Da^ describe the 



spinor gauge superfield for linearized on-shell d = 10 super- Yang-Mills [15]. It can be 
gauge-fixed to the form 

Aa{x, 9) = am{x)i-f'^9)a + (^(x)7^„p)« (^7™^^) + ... (4.2) 

where am{x) and ^"(a;) are the on-shell gluon and gluino and all the components in ... are 
auxiliary fields which are related to and by equations of motion. 

To compute scattering amplitudes, one also needs vertex operators in integrated form, 
J dzV, where V is usually obtained from the unintegrated vertex operator U by anti- 
commuting with the b ghost. But since there is no natural candidate for the b ghost in 
this formalism, one needs to use an alternative method for obtaining V which is from the 
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relation [Q, V] = dU [16|. Using this alternative method, one finds for the open superstring 
massless vertex operator that 



V = A«(x, 6')ar + A^{x, 9)^^ + Vr"(x, 6')rfa + F"^^(x, 9)N^n: (4.3) 

where Am = I'^Zi^D^Ap, = ^'^^^{DpA'^ - d'^Ap), and F"^'^ = ^["^A'^l It wiU be 
useful to note that in components, 

V = am{x)dx^ + c>[^a,](x)M™ + C{x)q^ + 0{e^), (4.4) 

where M"^"^ = + j^frnn jg ^j^g gpjj^ contribution to the Lorentz current and 

Qa = Pa + ^{dx^ + j^6'7™'6')(7^6')q, is the spacetime-supersymmetry current, so ( ^^ ) 
closely resembles the RNS vertex operator for the gluon and gluino. If one drops the 
F^'^Nmn term, the vertex operator of (|4.3|) was suggested by Siegel based on super space 
arguments. 

For the closed superstring, the massless vertex operator isU = A"A^A^-g-(x, 6*, 9) where 
A" and 9°^ are right-moving worldsheet fields and the chirality of the a index depends if the 
superstring is IIA or IIB. The physical state condition QU = QU = and gauge invariance 
dU = Qn + QQ where QQ = QQ = implies that fTT 



l^ip,rDaA^- = lZi.p,rD-A^- = 0. 5A^^=D^n^+D^n^, (4.5) 

for any five-form direction mnpqr, which are the linearized equations of motion and gauge 
invariances of the Type IIA or Type IIB supergravity multiplet. The integrated form of the 
closed superstring massless vertex operator is the left-right product of the open superstring 



vertex operator of (|4.3| ) and will be used in section 7 for quantizing the superstring in a 



curved supergravity background. 



5. Tree-Level Massless Scattering Amplitudes 

As usual, the A^-point tree-level open superstring scattering amplitude will be defined 
as the correlation function of 3 unintegrated vertex operators Ur and A — 3 integrated 
vertex operators J dzV^. For massless external states, these vertex operators are given in 
(O) and (pp. 
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The first step to evaluate the correlation function is to eliminate all worldsheet fields 
of non-zero dimension (i.e. dx^, dO", and N^^) by using their OPE's with other 
worldsheet fields and the fact that they vanish at 2; ^ oo. One then integrates over the 
x"^ zero modes to get a Koba-Nielson type formula, 



A = J dZ4...dZN{X"X^X^ fafBjiZr.kr.Vr.O)) (5.1) 



where A'^A^A''' comes from the three unintegrated vertex operators and /a/37 some func- 
tion of the Zr^s, the momenta kr, the polarizations 77^, and the remaining 9 zero modes. 

One would like to define the correlation function {\°'\^ fap-y) such that A is super- 
symmetric and gauge invariant. An obvious way to make A supersymmetric is to require 
that the correlation function vanishes unless all sixteen 6 zero modes are present, but this 
gives the wrong answer by dimensional analysis. The correct answer comes from realizing 
that Y = X'^X^X'^ fcefB-y satisfies the constraint QY = since the external states are on-shell. 
Furthermore, gauge invariance implies that (1") should vanish whenever Y = Qfl. 

At zero momentum and ghost-number three, there is precisely one state in the coho- 
mology of Q which is (A7"^^)(A7"^)(A7P^)(^7^„p0). So if 

Up^ie) = A^p^ -f e'B^p^s + ... + {i'^0)c.{i''e)p{Ye)^{e^mnpe)F + (5.2) 

it is natiiral to define 

(A"A^A^/a/3-y(2;^, kr-, rjr, 6)) = F{zr, kr, •qr). (5.3) 

This definition is supersymmetric since {X'^"^6){X'^'^6){X'^'P6){6'^jnnp6)6°' is not annihilated 

by Q, and is gauge invariant since (A7"'^)(A7"^)(A7P^)(^7^^p0) ^ QO. Note that 

can be interpreted as integration over an on-shell harmonic superspace involving five ^'s 

since (A-A^AVa/5^) = j {de^mTide^uY [dO^pV {de^^^pde)f^p^ 0. 

For three-point scattering, A = (A"A^A^A|A'''Ai^), it is easy to check that the pre- 
scription of (pT^) reproduces the usual super- Yang-Mills cubic vertex. In the gauge of 



( ^72|) , each A^ contributes one, two or three If the five 6's are distributed as (1,1,3), 
one gets the a^a^9["^a^"^l vertex, whereas if they are distributed as (2,2, 1), one gets the 
(^^7"^^^)a^ vertex. Together with Brenno Vallilo, it was proven that the above prescrip- 
tion agrees with the standard RNS prescription of for N-point massless tree amplitudes 
involving up to four fermions [§ . The relation of ( [1.4|) to the RNS massless vertex operator 
was used in this proof, and the restriction on the number of fermions comes from the need 
for different pictures in the RNS prescription. 
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6. Cohomology of Q 

To compute the cohomology of Q = f dzX^da, it is convenient to use the 5'0(8) 
parameterization of A" in terms of and discussed in section 3. The gauge invariance 
5v^ = e"'{a^s)°' leads to a new fermionic ghost anti-chiral spinor t", and the invariance of 
the gauge parameter, = y^{a^s)"', leads to a new bosonic ghost-for-ghost vector v^l^^y 
These gauge invariances continue indefinitely until one has an infinite chain of bosonic 
vectors f and fermionic anti-chiral spinors t'^^^ for n = to oo where n = labels the 
original vector and spinor 0. 

In terms of these left-moving dimension-zero worldsheet fields, Q = J dzs°'G°' where 

oo 
n=0 

(w-j s,uf n) are the canonical momenta for (vj -.Af s), and the infinite sum comes from the 
gauge invariances. Note that = since s^s" = and G°'{y)G'^{z) 2{y — z)~^5°'^T{z) 
where 

1 1 °° 

n=0 

One can treat = as a BRST constraint by defining Q' = J dz[s"'G"' —bs"'s"' + cT] 
where (6, c) are fermionic ghosts of dimension (1,0). One can check that Q' is nilpotent 
with unconstrained s", and has cohomology equal to that of Q. Note that the algebra of 
and T is not the usual N = 8 superconformal algebra since, for example, T has dimension 
1 and commutes with G". Nevertheless, since T and are first-class constraints, they 
can be used to gauge-fix x"*" = P+r and {■j~^9)°' = 0, and solve for x~ and (7-^)°'. 

The only remaining constraint is that physical operators must commute with the zero 
mode of T, which in this light-cone gauge is Tq + \P~ where 

/■ 1 1 °° 

To = / dz[--e^-de + vi,^dx^ + -vi,^vi,^p^+ti,^{^^df + ^^^^ 

n=0 

and a Lorentz frame has been chosen in which = for j = 1 to 8. So physical operators 
are constructed from products of eigenvectors of Tq whose (mass)^ = P~^P~ is equal 
to the sum of the eigenvalues multiplied by — 2P+. Since Tq is quadratic, the bosonic 



and fermionic eigenvectors with eigenvalues N, gn and Bn, can be expressed as linear 
combinations of the remaining light-cone variables, 

/oo 
da[f^dx' + J2^9Nin)^in) + ^'iV(n)«'(n))]' 
n=0 

/oo 
n=0 

If one requires that these eigenvectors satisfy the normalization condition that J da{fj^fj^ + 

T.n=0 9N{n)^N{n)) I ^CtUn^^N + Y.n=G^N{u)^N{u)) ^^1*^' ^^^S that the Only 

normalizable eigenvectors are the modes of 

oo ^ oo 

n=0 n=0 

These eight bosonic and eight fermionic eigenvectors generate the usual light-cone GS 
spectrum. So the Tq constraint has imposed the second-class constraints as well as the 
mass-shell condition. It is interesting to note that an infinite set of fields has also been 
useful for treating the second-class constraints of the chiral boson [jl^ and the self-dual 
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7. Superstring in AdS^ x Background 

To construct the superstring action in a curved Type II supergravity background, 
one adds the integrated form of the closed massless vertex operator of section 4 to 
the superstring action in a fiat background, and covariantizes with respect to super- 
reparameterization invariance. As usual, one also needs to include a Fradkin-Tseytlin 
term for coupling the dilaton to the worldsheet curvature r. The resulting action is 



S = J d^z[^dY'''dY''{GMN{Y) + Bmn{Y)) (7.1) 

+dY'^d^Etj{Y) + dY^'d^Ei{Y) + dJ^F°''^{Y) + a'r^{Y)] + Sx + S^ 

where Y^ = {x'^,9^,9'^) parameterizes the curved N=2 superspace background, the first 
line of (|7TD is the usual GS action, d^ = d^, + Nmnil'^'^D)^ and = cF- + iV^„(7'^"5)- 
where and D-^ are N = 2 superspace derivatives which act on the background fields to 
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their right, S\ and S-^ are the actions in a flat background for A" and A°, and the lowest 
components of the superflelds and are the gravitini, of F"^ are the Ramond- 
Ramond field strengths, and of $ is the dilaton. It is convenient to treat dee and 
(instead of and p^) as fundamental worldsheet fields when the background is curved. 
Although the above action does not have ^-symmetry, it is constructed such that X'^d^ and 
A"(i^ are holomorphic and anti-holomorphic currents when the background superfields are 
on-shell. One can therefore quantize the action using Q = J dzX^da and Q = J dzX"d^ 
as in the fiat case. 

In the AdS^ x background with n units of Ramond-Ramond fiux, F"^ = ^701234 = 



n5"^, so the term nS'^^dad-^ in (|7.1|) allows one to solve the equations of motion for 



da and d-^ in terms of (x"^, ^"). Plugging in the appropriate values for the AdS^ x 
background superfields, one obtains 



w^gj J 2 4 ""P ^ 

where J"^ = {g~^dg)^ and J"^ = {g~^dg)^ with A = (a, a, a, cd) are left-invariant currents 
constructed from the coset supergroup g{x,9,9) G so^^)x'so{5} • This action is invariant 
under g —>■ MgQ where M is a global PSU{2, 2|4) transformation and O is a local 5*0(4, 1) x 
SO [5) transformation which also acts as a Lorentz rotation on the pure spinors A" and 
A". It has been checked to one- loop order pl| that S is conformally invariant and that 
X"dct = S^-^X"J^ and X°'d^ = S^-^X^J" are holomorphic and anti-holomorphic currents. 

To construct the vertex operator U = X"X^A for fiuctuations around the AdS^ x 
background, one needs to generalize the equations of motion and gauge invariances of 
( ^T5| ) as was done in for the AdSs x 5""^ background. The fiat space equations of 



can be generalized to AdS^ x 5"^ by simply replacing and D-^ in ( |4.5| ) with Va = 
E^{dM+uJM) and V;^ = EM{dM + ooM) where cj^ = {g'^SMgy^ is the SO{A, 1) x 50(5) 
spin connection and E^ is the super-vierbein obtained by inverting E^.^ = {g~^dMg)^ 
for A = (a, a, a). The equations of motion and gauge invariances are still self-consistent 
since, although {Vq, V-g-} is non-zero in the AdS^ x 5"^ background, one can check that 
7mnp9r{Va, V^}^ = and TmnpqriVa, V^}^ = for any and and for any five-form 
direction mnpqr |T^]. 
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8. Open Problems and Applications 

In this review, it was argued that pure spinors are the worldsheet ghosts of the GS 
formalism and that physical states are described by ghost-number one vertex operators 
in the cohomology of Q = / dzX^da- Although these ideas were successfully used for 
computing N-point tree amplitudes, a more geometrical understanding would be useful for 
computing loop amplitudes where the ghosts play a more important role. In particular, 
one would like to understand how to formulate the action in a reparameterization-invariant 
manner and how the ghosts arise from the gauge-fixing procedure. 

The relatively simple form of the vertex operator for fluctuations around the AdS^ x 
5"^ background suggests that it might be possible to compute tree amplitudes in this 
background. Although the currents are not holomorphic since dJ^ = h^Qj^J*^ 
where /i^^ are constants [^, conformal invariance together with the AdS isometries 



may be enough to imply their OPE's. Of course, even knowing these OPE's, one would 
still have to compute the zero mode contribution from (a;"^, 6^ , 6^) to the tree amplitude, 
which might be complicated in an AdS^ x background ||25|| . 
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